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Abstract 
 
A numerical approach is proposed to model fracture sets in a pattern to honour the minimum state of 
elastic energy in the system. The distribution pattern of fractures in the reservoir significantly affects the 
flow of fluids in the reservoir. It can increase the permeability of the reservoir or in some cases decrease 
the permeability of the reservoir depending on the conductivity of fractures. In this project the elastic 
energy between fractures is calculated from the distances between fractures. It seems that the separation 
of fractures is the key component of reaching minimum state of energy. 
Simulated annealing algorithm is used to structure the acceptance process of changes in the location 
of fractures. Simulated annealing appeared to play a significant role to locate the fractures in a pattern to 
minimize the elastic energy in the system. The results show how a slight change in simulated annealing 
cooling component can make changes in the minimizing process of the elastic energy. The effects of local 
minimum energy is observed and corrected by choosing the right values for simulated annealing 
components. In each set of fractures a minimum state of energy is reached regarding to the system size 
and fractures length. The effects of boundaries are accounted to the reservoir to make the simulation 
results more realistic.  
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Abstract 
A numerical approach is proposed to model fracture sets in a pattern to honour the minimum state of elastic energy in the 
system. The distribution pattern of fractures in the reservoir significantly affects the flow of fluids in the reservoir. It can 
increase the permeability of the reservoir or in some cases decrease the permeability of the reservoir depending on the 
conductivity of fractures. In this project the elastic energy between fractures is calculated from the distances between fractures. 
It seems that the separation of fractures is the key component of reaching minimum state of energy. 
A Simulated annealing algorithm is used to structure the acceptance process of changes in the location of fractures. 
Simulated annealing appeared to play a significant role to locate the fractures in a pattern to minimize the elastic energy in the 
system. The results show how a slight change in simulated annealing cooling component can make changes in the minimizing 
process of the elastic energy. The effects of local minimum energy is observed and corrected by choosing the right values for 
simulated annealing components. In each set of fractures a minimum state of energy is reached regarding to the system size 
and fractures length. The effects of boundaries surrounding a reservoir are considered to make the simulation results more 
realistic.  
Introduction 
Fractures play a very important role in the permeability and performance of a reservoir. The pattern of fractures is very 
complicated in the reservoirs and one cannot expect to model it fully therefore outcrop studies and physical measurement is 
historically used to model the fractures pattern. The measured properties of a reservoir are however very limited (e.g., core and 
image-log data) that only represents a very small part of the reservoir. Since the amount of information from samples and 
outcrop studies are not enough to model the fractures pattern along the reservoir some other methods are being used in order to 
model the fractures pattern which some are explained in this work. Rock mechanics has long been applied in order to model 
reservoir fractures and used to predict the fracturing process in reservoirs. The complexity and time consumption of 
mathematical models based on rock mechanics urged the use of numerical methods in rock studies. Fractures pattern models 
are used to find connectivity of fractures flow of fluids in the system. In this project most of the work is focused on dispersion 
of fractures in order to find a pattern of fractures with the minimum state of elastic energy.  
Conductive fractures increase the permeability in a reservoir while some non conductive fractures can significantly 
reduce the permeability.  
While forces cause fracturing in the reservoir, the relation between fractures and elastic energy is an important concept. 
In numerical modelling of fractured reservoirs, the fractures pattern of reservoirs shows how elastic energy is varying in the 
reservoir depending on the fractures length, orientation and distribution. 
Simulated annealing is a method to optimize some function of many variables. Simulated annealing algorithm starts its 
process with high temperature and reduces the temperature in a very smooth manner which leads to reduction of energy in the 
system. In this project it is used to find an appropriate pattern of fractures that honours their correlation given by elastic 
energy, respecting the length of fractures and their distance from each other in the rock.  
A software package is developed using C++ programming in order to generate fractures pattern with the minimum 
elastic energy in rocks. The software produces random sets of fractures and calculates the elastic energy in each set then 
structure them using simulated annealing algorithm to produce a fractures pattern which leads to the minimum elastic energy 
in the rock. 
The results show the significant optimization of simulated annealing and show how the energy level decreases while 
fractures are spread out till a point which is called minimum energy state of the rock and then stays in the minimum state of 
energy.  
 
 
 
 
 
 
Imperial College 
London 
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Research Method 
This study explains the behaviour of fractured reservoirs in terms of the pattern of fractures network and the state of elastic 
strain energy. The work is started with looking over the fundamental concepts of fractures connectivity, allocating boundaries 
for reservoir, the energy state at the reservoir and simulated annealing algorithm to reduce the energy state. A software 
package is then developed to apply the simulated annealing algorithm to the energy state and find the least level of energy in 
the reservoir and accordingly propose a pattern for fractures in terms of their distance from each other. Many different 
simulations are run to test the software which indicates some facts in reservoir modelling. Different outcomes of the software 
show the significance of simulated algorithm to find the minimum state of energy in the reservoir. 
 
Application of Percolation Theory in Fracture Networks 
Percolation theory investigates the probability of connectivity between pores in a porous media. This concept was modelled in 
late 50’s by Broadbent & Hammersley, and has been studied by mathematicians, engineers and physicists since. The 
mathematical model indicates the connectivity in complex geometries. The global geometrical and physical properties of such 
a system are related to the number density of objects placed randomly in a domain through some universal laws (M. Masihi, P. 
King and P. Nurafza, 2006).  Some of these laws are independent of the details of the systems such as local geometry. 
Referring to the general description of the theory the connected pores shape a cluster together, the numbers of clusters and 
their sizes vary as a function of the occupancy probability 𝑝. As 𝑝 increases the clusters grow in size till 𝑝 reaches percolation 
threshold   𝑝𝑐 , in this condition one large cluster covers the whole region (Percolation cluster).   𝑝𝑐 is where the transition 
occurs between a disconnected system and a connected one (P. Nurafza, P. King and M. Masihi, 2006). As it is noted above 
when 𝑝 is equal or greater than 𝑝𝑐, the relations between these parameters are shown below: 
  cpppP )(                                                                              (1) 
v
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
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(2) 
Where 𝑃(𝑝) is the probability of an occupied site belonging to a percolation cluster and )( p  is the correlation length 
represents a typical size of finite clusters. The exponents 𝛽 and 𝑣 respectively connectivity exponent and length exponent are 
independent from the details of the model but depend on the dimension of the system. Since for continuum systems the objects 
are not restricted to points on a fixed lattice, it enables us to investigate the behaviour of a very wide range of systems without 
being worry about the fine scale details (Masihi, 2006). 
 
Effect of Finite Boundary 
In finite systems due to uncertainties over measurements of the boundaries there may be one or more percolation clusters. In 
reality all systems are finite while in most of the literature on percolation theory the system is assumed to be infinitely large. In 
order to make our study more realistic we need to consider some boundaries for our systems, it means it is not possible to 
define percolation in terms of a single infinite cluster. In fact as  𝑝 increases the cluster gets larger until it connects one side of 
the defined boundary to the other side. Considering the boundaries and defining a length for the system the percolation 
probability is defined as𝑃(𝑝, 𝐿), which indicates the fraction of occupied sites belonging to the percolation cluster. To make 
prediction about the connectivity behaviour of these systems we need to make use of what is known as finite size scaling 
(Masihi, 2006). In this work the term apparent threshold )(
~
Lp
c
is used to be the point at which half of the realizations 
percolate. As it is discussed above the largest cluster in the systems becomes the percolation cluster when its size is 
comparable to the systems size, thus the finite size dependency of the apparent threshold becomes (Masihi, 2006): 
v
cc
LpLp /1
~
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                                                                                                    (3)
  
It is notable that the error obtained on a measure of transition zone between connected and not connected zones is induced by 
finite size effect, varies also as (Masihi, 2006): 
vLL /1)( 
                                                               (4)
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Considering boundary effects on a system it is possible for a system to connect from one side to the other side even at a 
relatively low occupancy therefore there is no longer a sharp transition in the connectivity behaviour near the threshold 
(Masihi, 2006).  
 
Application of Fracture Networks 
Field data obtained from large scale investigations show that the fracture network structure is close to the threshold and 
displays strong channelling patterns which can be explained by percolation theory (Cacas, 1990). It was found that in some 
natural fracture networks only a small percentage of fractures distributed to the permeability of the system (Sahimi, 1994). In 
some cases fractures seem to be highly connected, where as in many other cases the network is poorly connected. It is shown 
that those fractures which are created as a result of stress have low connectivity (Berkowitz et al., 2000). In previous chapter 
the special characteristic of continuum percolation systems is explained, general studies about constant length randomly 
oriented fracture systems shows they belong to the general universality class of continuum percolation systems (Masihi, 2006). 
Density of fractures in continuum models is an equivalent to occupancy probability 𝑝 in lattice percolation. Some of the most 
common terms in the literature are as follows. Dimensionless density defined as 
22 4/ LNl (Bour and Davy, 1997), the 
average number of intersections per fracture I (Balberg et al., 1984; Robinson, 1983; Berkowitz, 1995), or the excluded area 
(Balberg et al., 1984; Alder 1999) which is the area around a fracture in which the centre of another fracture must lie in order 
for them to overlap. The values of the percolation threshold for the constant length randomly oriented fractures are 41.1c
or 6.3cI (Bour and Davy, 1997; Balberg et al., 1984; Robinson, 1983; Berkowitz, 1995) where as for horizontal-vertical 
fracture networks the threshold is 2.3cI (Robinson, 1983; Balberg, Anderson, Alexander and Wafner 1984). 
Constant-length randomly oriented fracture systems are affected by the orientation distribution of fractures in terms of 
their percolation threshold (Balberg et al., 1984; Robinson 1983; Balberg and Binenbaum 1983). It has shown that the critical 
length required for the start of percolation increases with macroscopic anisotropy caused by a preferred orientation of line 
segments (Balberg and Binenbaum 1983).  Recent studies show natural fracture systems can be characterized in terms of a 
power law for fracture length distribution and fractal models for fractures centre density (Heffer and Bevan 1990; Renshaw 
1999; Bonnet et al., 2001). It is shown that number density is not a suitable parameter in percolation analysis since it doesn’t 
distinguish between a small fracture and a large fracture in the system. In two dimensions the excluded area argument was 
used to account for the effects of uniform size distribution (Balberg et al., 1984). The average excluded area is suggested based 
on either the first moment or the second moment of the fracture length distribution (Balberg et al., 1984; Robinson, 1983; 
Alder and Thovert, 1999). Many different studies investigated the effects of different parameters of fractures in percolation of 
the reservoir. Second moment-based average of excluded area is found to be more appropriate for narrow to relatively wide 
length distribution (Balberg et al., 1984). It is shown that percolation theory can be applied to a fracture system with an 
exponential size distribution (Berkowitz 1995). Renshaw 1999 also used second moment of length distribution to introduce the 
fracture density parameter. The connectivity prediction for small regions cannot be up scaled simply to a larger scale when 
there is a broad length distribution of fractures (Rossen et al., 2000). Various studies over channelling show that the 
channelling of flow structure may evolve with the scale because flow is channelled in much more permeable structures with 
scale (Dreuzy et al., 2004). It is emphasized that percolation theory does not necessarily apply to fracture networks having a 
power law length distribution (Bour and Davy 1997). 
 
Elastic Strain Energy of Solids 
Elastic strain energy is the potential energy stored within a substance as work is performed to distort its volume or shape 
(Landau and Lifshitz, 1968). To define the elastic strain energy in this project the effects of orientation is neglected in order to 
simplify the model, thus the more complex model is done previously by Masihi (2006) which can be used in order to take in 
account the effects of orientation. The elastic strain energy is calculated based on the distance between randomly located 
fractures in different sets of fractures.  It is calculated that the two fractures 𝑥1 and 𝑥2 have a distance of  𝑟1 from the centre of 
𝑥1 to the centre of 𝑥2 and the two fractures of 𝑦1 and 𝑦2 have a distance of 𝑟2 from the centre of 𝑦1 to the centre of 𝑦2. The 
first set is assumed to be the initial condition of the rock. The elastic strain energy of the initial condition 1E  was calculated 
based on the distance of fractures from each other and was compared to the elastic energy of the second set 2E . The 
comparison of elastic energies in these two states provides two conditions. At the first condition the second set has lower 
elastic energy than the first one which in this case the change is approved as it is reducing the elastic strain energy in the 
systems. Second condition is when the second set has more energy than the first set which indicates the energy state of our 
system is increasing which is not desirable, the effect of this change is not completely rejected from the results but is only 
accepted with a probability of 
)/( TEe   where T  is the temperature which is discussed in the following chapters of the report 
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and E  is the difference between elastic strain energies of two sets. The general elastic energy in each set is calculated using 
equation 1. 
r
E
1

                                                                                            (5) (Masihi 2006)
      
 
Simulated Annealing 
Simulated annealing is a probabilistic method for finding global optimum or to match some field or experimental data 
(Quenes, Bhagavan, Bunge and Travis, 1994). In this project simulated annealing applied to the changes of elastic strain 
energy function to produce an appropriate pattern of fractures which minimizes the state of energy in the system. This method 
can be described with a thermodynamic explanation. The changing parameter in simulated annealing is temperature in 
thermodynamic, at high temperature, the molecules carrying high level of energy which make them move freely. As the 
temperature decreases the molecules loose their energy and their ability of moving freely reduces till it reaches the minimum 
state of our energy when eventually its structure is steady.  This optimization algorithm based on the concept of annealing uses 
the Boltzmann probability distribution 
kTEeEP /)(  (Kirkpatrick et al., 1983), emphasizing that when a system is in 
thermal equilibrium at T it has its energy probabilistically distributed among all different energy states (Masihi et al., 2006). 
Since there is a chance for a system to be in high state of energy when it is at low temperature then there is a chance for a 
system to get out of a local minimum energy in order to help the system reaching the global minimum state of energy. To 
achieve low-energy configurations, it is not sufficient to simply lower the temperature. One must use an annealing process, 
where the temperature of the system is elevated, and the gradually lowered, spending enough time at each temperature to reach 
thermal equilibrium. If insufficient time is spent at each temperature, especially near the freezing point, then the probability of 
attaining a very low energy configuration is greatly reduced (Davis, 1987). 
The following terms need to be defined in order to use simulated annealing: )(i number of possible configurations of 
the system and a method to generate a small random change to the configuration )(ii  an energy function to be minimized and 
an annealing schedule to reduce the temperature-like parameter T in order to reach the minimum energy of the system. In this 
project the following steps used to generate a fracture pattern with a minimum elastic energy level using simulated annealing: 
 )(i As an initial condition it is assumed to have a rectangle of size 50 × 100 in which 1000 randomly distributed fractures 
with random length are generated. It’s notable that the developed software is capable to accept any size and generate the 
fractures structure with minimum energy state depending on the user interest and here only one basic example is explained. 
)(ii A similar set of fractures are produced at this stage with different random length and different distribution of fractures. 
)(iii The elastic energy difference between both sets is computed. The result of this comparison is either a negative or a 
positive value. If the energy in second set is less that the first set we are successfully reducing the energy in the system and it 
counts as an acceptable change while if the energy in the second set is more than the first set then simulated annealing 
algorithm is applied in order to find the probability of acceptance of the change.  
)(iv The initial temperature T = 500000 is reduced by the factor of R = 0.985 every time that the changes in the fractures sets 
resulted a higher level of energy than the previous state of energy in the system. (T and R are selected after running 
simulations with different values and these two values give the best results) 
)(v All the above process is simulated for 1000 times and the frozen state is reached at some point when no significant change 
is the state of energy is observed afterward. The results show that almost half of the changes were not acceptable at the first 
place and needed to go through simulated annealing process. Many different values are used for the size of the system and 
length of the fractures and most of them proved the acceptable performance of simulated annealing in this study.  
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Software and Results 
The behaviour of simulated annealing algorithm is the main core of the software which is designed in order to find the 
minimum state of energy in the fractured networks. Most of the previous works used different known type of distributions for 
the length and locations of the fractures but in this study all the changes are totally random and are selected by the computer. 
The software can show the steps of changes in elastic strain energy across the fractured network and shows the final pattern of 
fractures with the minimum level of energy in the network. Figure 5 shows the flowchart for the software. 
 
Figure 1 : Flowchart of the developed Software 
Minimum Energy 
As discussed previously, the developed software produces a pattern of fractures distribution to minimize the state of elastic 
strain energy in the system. Figure 2 shows an example when the energy state is optimized, it can be observed from the results 
that as the distance between the fractures decreases the energy state reduces too. One should notice that the final energy state is 
reached while all the minimum local energy states are dissolved in the whole system in order to provide global minimum 
energy. It means for this example 0.56 is the freezing state of energy when the system is reached its minimum state of energy, 
the lower values of energy are supposed to be the effects of local minimum states of energy which are not stable.  
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Figure 2 : An example of reaching minimum state of energy in fractured networks 
 
 
Simulated Annealing 
Figures 3 and 4 shows the energy difference in two sets of fractures. The difference between the two figures shows the 
performance of simulated annealing. All the negative points on Figure 3 are those changes in the location of fractures which 
leaded to higher state of energy in the system which are not desirable. As it is explained before the simulated annealing 
algorithm is applied to those points in order to give them a probability to participate in the reduction of energy state in the 
system, Figure 4 emphasises the application of simulated annealing. It shows how negative points in the Figure 3 are lifted to 
the positive points which are desirable.  
  
 
   
 
Figure 3 : The energy difference between two sets of fractures before 
applying the simulated annealing. Positive points show the reduction of 
energy in the system while negative points are occurring when the 
system energy is going to a higher state of energy. 
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Figure 5 shows high density of low temperature compare to low density of high temperature in simulated annealing. Figures 6 
and 7 show how the change in gradient is much sharper in high temperature and how it reduces while system cools down.  It 
shows how simulated annealing algorithm investigates the smaller temperature with higher accuracy.  
 
 
Figure 4 : Simulated annealing algorithm changes the negative values 
which were representing not desirable changes.  
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      Figure 5 : High density in low temperature in simulated annealing  
(Variation depends on the reduction parameter) 
 
 
          Figure 6 : Temperature decreasing gradient 
 
Figure 6 shows how the temperature rapidly decreases at the first stages of the simulation, it can cause appearance of local 
minimum energy state for the system, or a meta-stable. It shows how studying the lower temperature can help to find the 
correct minimum state of energy. Figure 7 shows different configuration of temperature reduction while reduction factor is 
changed in order to provide a smoother change of temperature in high temperature which can avoid the localization of 
minimum energy in high temperature. 
 
 Processed Based Model of Fracture Networks                                                                                                                                                 9                                                                                                                                            
 
 
       Figure 7 : Smooth change of temperature in high temperature 
 
At the same time, it is notable that when more high temperature values are investigated as shown in figure 7 it causes higher 
level of energy in the rocks which gradually reduces as simulation process goes on.   
 
Conclusion 
In the present study a numerical method is used to minimize the state of elastic strain energy in rocks by considering the 
relation between elastic energy and the distance between the fractures inside the rocks. It is concluded that the distance 
between fractures favours the minimizing process of elastic strain energy when they are spreading out and vice versa the 
elastic strain energy level increases when they get closer to each other. Simulated annealing is used to give an acceptance 
chance to those changes in the distance between fractures which are not in favours of reaching minimum state of elastic strain 
energy. Some intensive study over simulated annealing showed how significant it is to set the cooling component of the 
algorithm correctly as a slight change in the component can have significant change in the result of the simulation. It is shown 
how selecting the wrong cooling component in the simulated annealing algorithm causes local minimum state of energy in 
some parts of the reservoir and how selecting a right cooling component can avoid local state of elastic strain energy and 
instead have the lowest level of energy in the whole system. In this study the applicability of simulated annealing is extended 
to find an appropriate pattern for the fractures to spread out in the reservoir in order to reach the minimum state of elastic strain 
energy.   
 
Future Work 
A very simple formula is used in this work to calculate the energy, although the formula shows the relation between energy 
and the distance of fractures the proposed method can be applied to more complex formula while the orientation of fractures 
are taken into account. This study is focused on two dimensions simulation it can be a case study to apply the same algorithm 
for three dimensions to make the model more realistic.  
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Nomenclature 
   P  = Occupancy Probability 
   
c
P  = Percolation threshold 
   )( pP  = Probability of an occupied site belonging to a percolation cluster 
   )( p  = Correlation length 
     = Connectivity exponent 
   v  = Length exponent 
   ),( LpP  = Percolation probability 
     = Dimensionless density 
   I  = The average number of intersections per fracture 
   1x  = Fracture 1 
   2x  = Fracture 2 
   1r  = Distance between fracture 1 and fracture 2 
   1y  = Fracture 3 
   2y  = Fracture 4 
   2r  = Distance between fracture 1 and fracture 2 
   1E  = Elastic energy of the initial condition 
   2E  = Elastic energy of the second set 
   T  = Temperature 
   R  = Temperature reduction factor 
   E  = Difference between elastic energies  
   cP  = Percolation threshold for infinitely large clusters 
   )(
~
L
c
P  = Apparent threshold 
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Appendix A 
Critical Literature Review 
 
SPE Paper 
No 
Year Title Authors Contribution 
107132 2007 Connectivity of Spatially 
Correlated Fractures : 
Simulation and Field 
Studies 
Mohsen Masihi 
Peter King 
Applicability of 
percolation approach to 
correlated fractures 
which may be used for 
practical engineering 
purposes 
100229 2006 Connectivity Prediction in 
Fractured Reservoirs with 
Variable Fracture size: 
Analysis and Validation 
Mohsen Masihi 
Peter King 
Peyman Nurafza 
The applicability of the 
percolation approach to 
fracture networks with 
size variation is 
extended 
20981 1990 Scaling Relationships in 
Natural Fractures: Data 
Theory and Application 
K.J. Heffer 
T.G. Bevan 
First paper to show 
scaling relationships in 
faults and fractures 
properties.  
N/A 2006 Connectivity of Fracture 
Networks 
Mohsen Masihi The impact of 
geological uncertainties 
on reservoir 
performance is 
investigated which may 
help management 
decisions over a 
reservoir 
100333 2006 Facies Connectivity 
Modelling : Analysis and 
Field Study 
Peyman Nurafza 
Peter King 
Mohsen Masihi 
A good work on 
fractures connectivity 
and its associated 
uncertainties which can 
beneficial to have a 
better understanding of 
the reservoir before 
planning the production 
 
 
N/A 2000 Scaling of fracture 
connectivity in geological 
formations 
Brian Berkowitz 
Olivier Bour 
Philippe Davy 
Noelle Odling 
A new method to 
quantify fracture 
network connectivity is 
developed. 
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N/A 1997 Connectivity of random 
fault networks following a 
power law fault length 
distribution 
Olivier Bour 
Philippe Davy 
This paper proposes a 
method to predict the 
existence of a critical 
scale at which fault 
networks are always 
connected with no 
dependency on the 
length or density of 
faults. 
N/A 2004 Influence of spatial 
correlation of fracture 
centres on the permeability 
of two dimensional fracture 
networks following a power 
law distribution 
J. Dreuzy 
C. Darcel 
P. Davy 
O. Bour 
numerically 
investigated the effect 
of the fractal correlation 
pattern and of the 
power law length 
distribution on the 
equivalent permeability 
of fracture networks 
59720 2000 Connectivity and 
Permeability in Fracture 
Networks Obeying Power-
Law Statistics 
W.R. Rossen 
Y. Gu 
L.W. Lake 
Formulating the 
effective fracture 
network permeability 
based on the 
distribution of fracture 
apertures.  
28415 1994 Application of Simulated 
Annealing and Other Global 
Optimization Methods to 
Reservoir Description: 
Myths and Realities 
Ahmed Ouenes,   
Srinivasa - 
Bhagavan 
This work is a review 
over global 
optimization and is not 
really contributing any 
new concept to the 
industry. 
N/A 1990 Modelling fracture flow 
with stochastic discrete 
fracture network: calibration 
and validation 1. The flow 
model 
Cacas, M.C 
Ledoux, E 
DE Marsily G 
Tillie B 
Modelling a fractured 
rock to represent a 
nuclear waste 
repository 
N/A 1984 Excluded Volume and its 
relation to the onset of 
percolation 
I. Balberg 
C.H. Anderson 
S. Alexander 
N. Wagner 
This paper showed the 
excluded volume is a 
dimensional invariant 
for continuum systems 
of objects where the 
only randomness is in 
their location in space. 
 
N/A 1999 Connectivity of joint 
networks with power law 
length distribution 
Carl E. Renshaw This work repeats some 
old methods and 
discusses some new 
results of them. 
N/A 1987 Genetic Algorithms and 
Simulated Annealing 
Lawrence Davis N/A 
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N/A 1982 Connectivity of fracture 
systems – a percolation 
theory approach 
P.C. Robinson This work using 
previously known 
methods and make 
some comparisons 
between different 
angles of intersections 
of fractures.  
N/A 1995 Analysis of fracture network 
connectivity using 
percolation theory 
Brian Berkowitz Establishing the 
relevancy of 
percolation theory 
results to widely used 
aspects of fracture 
network connectivity. 
N/A 1999 Fracture and Fracture 
Networks 
P.M. Adler 
J.F. Thovert 
Advanced-level 
research monograph 
on the fundamental 
issues involved in the 
development of 
models for the flow 
and transport 
properties of fractured 
rocks 
N/A 1983 Computer study of the 
percolation threshold in a 
two dimensional anisotropic 
system of conducting sticks 
I. Balberg 
N. Binenbaum 
First paper which used 
randomly-oriented-
sticks system.  
N/A 2001 Scaling of fracture systems 
in geological media 
Bonnet et al.   
 
This study suggests 
guidelines for the 
accurate and objective 
estimation of 
exponents and fractal 
dimensions. 
N/A 1994 Application of percolation 
theory 
Muhammad 
Sahimi 
First to find in some 
natural fracture 
networks only a small 
percentage of 
fractures distributed to 
the permeability of the 
system  
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SPE 19121 (1989) 
 
Title: Application of Reservoir Simulation Models to a New Parallel Computing System 
Authors: D.F. Mayer 
Contribution: Providing new solution for computing large reservoir models simulations. 
Objective of the paper: The connection machine hardware and software is described, the application to 
reservoir simulation is discussed, the code for a simple example problem provided and timing results for 
this problem tabulated. 
Methodology used: Paralleling over 65,000 processors in order to increase the speed of simulations. 
Conclusion reached: Computing large data parallel problems achieved efficiently, Reservoir simulation 
algorithms can take advantage of the characteristics of this computer system, Hardware features influence 
how algorithms are implemented to make best use of local memory, Coding algorithms to take advantage 
of the connection is no more difficult than writing programs on serial computers. 
Comments: This is an old paper which explains the first methodologies used in order to computerize 
large reservoir simulations. the concept can help reader to understand the basics and potentially suggest 
new solutions or algorithms. 
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SPE 30572 (1995) 
 
Title: Fractured Reservoir Characterization and Performance Forecasting Using Geomechanics and 
Artificial Intelligence  
Authors: A. Ouenes, S.Richardson, W.W. Weiss  
Contribution: Using a neural network to find the relationship between, reservoir structure, bed thickness 
and the well performance 
Objective of the paper: Forecast primary production, or mapping the reservoir fracture intensity 
Methodology used: Neural Network 
Conclusion reached: A neural network can integrate geological, geomechanical and reservoir 
engineering information into a single fractured reservoir, the fracture intensity can be represented by a 
well performance indicator such as maximum oil rate, initial potential or cumulative production, the 
geomechanical effects on fracturing can be represented by the slopes and curvatures of the reservoir 
structure, using a reliable structure and its geometrical properties, bed thickness and well performance as 
output ( a neural network can find easily the complex relation that exists between the input and output), 
primary performance forecasting can be obtained simply by testing the neural network, a fracture 
intensity map can be obtained by testing the neural network at initial reservoir pressure, using a fracture 
intensity and anisotropy map the number of history matching parameters was reduced to two, the use of 
diagonal permeability tensors when simulating structure-related fractured reservoirs do not allow a 
correct representation of the actual fluid flow and a full permeability tensor is needed. 
Comments: This paper gives a good understanding of neural network to reader and its applications to 
reservoir engineering 
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SPE 107132 (2007) 
 
Title: Connectivity of Spatially Correlated Fractures: Simulation and Field Studies  
Authors: Mohsen Masihi, Peter King. 
Contribution: Applicability of percolation approach to correlated fractures which may be used for 
practical engineering purposes 
Objective of the paper: investigating the effect of facture spatial correlation on the network 
connectivity. 
Methodology used: it’s assumed that all fracturing has happened and has achieved mechanical 
equilibrium which enables us to use entropy arguments and statistical mechanics to model fracture. 
Conclusion reached: The proposed method produced an appropriate statistical distribution fractures. In 
particular, fractures were found to be distributed in two sets of parallel fractures which are perpendicular 
under isotropic condition. The distribution of fracture lengths in the model was found to be either 
exponential or power law distribution. The results show that the scaling exponents of the connectivity are 
different from the conventional, uncorrelated values. The approach is validated by using a field example 
of mineralized fractures. 
Comments: Heavy mathematical and programming concepts which can be challenged by new algorithms 
in future, more field samples need to be used to validate the paper on every type of fractured reservoir.   
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SPE 100229 (2006) 
 
Title: Connectivity Prediction in Fractured Reservoirs with Variable Fracture Size: Analysis and 
Validation 
Authors: Mohsen Masihi, Peter King, Peyman Nurafza. 
Contribution: The applicability of the percolation approach to fracture networks with size variation is 
extended 
Objective of the paper: checking the hypothesis that the connectivity of fractures of variable size is 
identical to the connectivity of fractures of the same size whose length is defined based on the second 
moment of the length distribution.   
Methodology used: Percolation theory based on excluded area arguments, numerical analysis and 
validation against field data. 
Conclusion reached: hypothesis that the connectivity of fractures of variable size is identical to the 
connectivity of fractures of the same size whose length is defined based on the second moment of the 
length distribution. 
Comments: Good investigation over different type of distributions for the fracture length is done. 
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Water Resources Research (2004) 
 
Title: Influence of spatial correlation of fracture centres on the permeability of two dimensional fracture 
networks following a power law distribution 
Authors: J. Dreuzy, C. Darcel, P. Davy, O. Bour 
Contribution: numerically investigated the effect of the fractal correlation pattern and of the power law 
length distribution on the equivalent permeability of fracture networks 
 
Objective of the paper: Study over the influence of long-range fracture heterogeneities on the equivalent 
medium probability.   
Methodology used: Power law distribution  
Conclusion reached: The correlation and the length distribution have opposite effects on connectivity 
and permeability. Increasing correlation lets connectivity and permeability decrease and conversely for 
the length distribution. In most cases, one of the characteristics (i.e., length or correlation) supersedes the 
other. 
 
Comments: A very good study over spatial correlation and permeability in the fractured networks. Steps 
of development are explained in details which could be used for same type of modelling.  
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SPE 59720 (2000) 
 
Title: Connectivity and Permeability in Fracture Networks Obeying Power-Law Statistics 
Authors: W.R. Rossen, Y. Gu, L.W. Lake 
Contribution: Formulating the effective fracture network permeability based on the distribution of 
fracture apertures.  
Objective of the paper: Investigating the effective permeability of fracture networks whose fractures 
obey power-law scaling relations.   
Methodology used: Power law distribution of fracture properties 
Conclusion reached:  
 If all the fractures extend across the region of interest, the largest fracture controls the 
permeability of whole region, and effective permeability increases as the size of the region 
increases.  
 The number of fractures in a power-law distribution is infinite if the power-law extends to zero 
length. With finite computer resources, any attempt to determine fracture connectivity must 
therefore exclude an infinite population of small fractures. This can distort the determination of 
connectivity in some cases. 
 
 Connectivity of fractures at one scale does not necessarily determine the connectivity of fractures 
at another scale. Thus results for small regions cannot be up-scaled simply to larger regions. 
 
Comments: A very good study over connectivity and permeability in fracture networks, the conclusion 
can be used as assumptions for numerical simulations in related field. 
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(2006) 
 
Title: Connectivity of Fracture Networks 
Authors: Mohsen Masihi 
Contribution: The impact of geological uncertainties on reservoir performance is investigated which 
may help management decisions over a reservoir.   
Objective of the paper: analysing the impact of uncertainties in the geometrical properties of fractures 
on the connectivity of fracture networks, Investigating the scaling laws and anisotropy in two and three 
dimensions. 
Methodology used: Percolation theory, spatial correlation, simulated annealing.  
Conclusion reached: it is shown that there is a universal behaviour which can be used by engineers to 
help produce results of interest without having to perform a large number of realizations for each new 
system size. In particular, simple qualitative relationships, semi-analytical formula that provides the mean 
and the standard deviation of connectivity for isotropic fracture network. 
Comments: The C++ codes provided for this project is too complex and generally C++ is not a good 
language for mathematical modelling. It is advisable to use Matlab for future researches in same topic. 
Simulated annealing part of the project can be improved by changing the reduction factor of temperature 
to analyze the high temperature in more details. 
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SPE 100333 (2006) 
 
Title: Facies Connectivity Modelling: Analysis and Field Study 
Authors: Peyman Nurafza, Peter King, Mohsen Masihi 
Contribution: A good work on fractures connectivity and its associated uncertainties which can 
beneficial to have a better understanding of the reservoir before planning the production. 
Objective of the paper: modelling the connectivity of low to intermediate net-to-gross reservoirs. 
Methodology used: An object based technique used to model the spatial distribution of aligned isotropic 
and anisotropic bodies. Percolation theory is used to show the connectivity in the reservoir. 
Conclusion reached: A theoretical method is described for prediction of the connectivity of overlapping 
sandbodies. 
Comments: Good explanation of sandbodies and percolation theory is given in this paper which can be a 
good learning source for those who are not familiar with the concept. 
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SPE 28415 (1994) 
 
Title: Application of Simulated Annealing and Other Global Optimization Methods to Reservoir 
Description: Myths and realities 
Authors: Ahmed Ouenes and Srinivasa Bhagavan 
Contribution: This work is a review over global optimization and is not really contributing any new 
concept to the industry. 
Objective of the paper: General review of the application of global optimization methods to reservoir 
description problems. 
Methodology used: Simulated annealing, Genetic algorithms, Tabu search and neural networks. 
Conclusion reached: 
 Annealing schedules will speed up research codes 
 The optimal Markov chain length and topology must be determined by the user for the best use of 
simulated annealing. 
 The routine use of global optimization in large reservoir problems will lead to parallel 
optimization algorithms. 
 An affordable way of parallel/distributed optimization as applied to reservoir description is 
described and illustrated on a virtual parallel system. 
Comments: Good explanation of general optimization but not advisable for studies over simulated 
annealing as it is too old for today’s researches.  
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Geophysical Research Letters (2000) 
 
Title: Scaling of fracture connectivity in geological formations 
Authors: Brian Berkowitz, Olivier Bour, Philippe Davy, Noelle Odling 
Contribution: A new method to quantify fracture network connectivity is developed. 
Objective of the paper: investigating various reasons of connectivity behaviour of fractures as well as 
the spatial correlation among fractures. 
Methodology used: finding appropriate mathematical distributions for each physical parameter of 
fractures in the reservoirs and developing the new method based on the most significant parameters. 
Conclusion reached:  
 The fracture density, in turn, depends on fractal dimension D.  
 If the length distribution follows power law the network connectivity depends on power law 
length distribution exponent a. for a < D + 1, the connectivity depends on the scale of 
measurement.  
 Below critical system length scale Lc, networks are not, on average, connected. in this case, small 
fractures don’t contribute in the connectivity and it is not necessary to have any information about 
them  
Comments: very good and short summary of fracture networks is done in this paper which is continued 
with detailed analysis of fractures properties which can be applied for modelling proposes.  
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Water Resources Research (1990) 
 
Title: Modelling fracture flow with stochastic discrete fracture network: calibration and validation 1. The 
flow model 
Authors: Cacas, M.C, Ledoux, E, DE Marsily G, Tillie B 
Contribution: Modelling the permeability of a fractured rock to represent a nuclear waste repository  
Objective of the paper: Finding an appropriate fractured rock model using geometry of the fracture 
network to be able to predict the global hydraulic behaviour from flow rate and piezometric head 
distribution.  
Methodology used: Discrete fracture network model 
Conclusion reached: Fractures can be represented as circular discs, the density, orientation and size of 
which can be inferred from in situ geometric observation. 
Comments: Very good and fundamental journal in reservoir modelling. I believe more recent field data 
should be used to revaluate the model. 
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Water Resources Research (1997) 
 
Title: Connectivity of random fault networks following a power law fault length distribution  
Authors: Olivier Bour, Philippe Davy 
Contribution: This paper proposes a method to predict the existence of a critical scale at which fault 
networks are always connected with no dependency on the length or density of faults. 
Objective of the paper: Investigation over the properties of a fault network and their relations with 
power law distribution.  
Methodology used: A theoretical and a numerical study of the connectivity of fault networks following 
power law distribution is done and been compared to each other. Once the validation of percolation 
threshold is done the geometrical characteristics of the infinite cluster and of the backbone is described.  
Conclusion reached: Applicability of percolation theory to fault networks is examined while power law 
distribution is selected for the fault length distribution. A topology of connectivity is developed which is 
independent of power law component a. 
Comments: Well organized journal with good explanations of connectivity, percolation theory and 
power law effects of fault length distribution. 
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Physical Review (1984) 
 
Title: Excluded Volume and its relation to the onset of percolation 
Authors: I. Balberg, C.H. Anderson, S. Alexander, N. Wagner 
 
Contribution: This paper showed the excluded volume is a dimensional invariant for continuum systems 
of objects where the only randomness is in their location in space. 
Objective of the paper: Finding the effects of excluded area and the excluded volume on percolation 
onset 
Methodology used: Percolation theory, Excluded-area theory, Monte Carlo computations, finite-width 
two dimensional sticks and three dimensional sticks 
Conclusion reached: the excluded area and the excluded volume give the number of bond per object cB  
when the objects are all the same size. In the case where there is a distribution of object sizes, the proper 
average of the excluded area or volume is a dimensional invariant while cB  is not.  
Comments: Very detailed mathematical explanation of excluded area and volume which can be found 
useful for learning mathematically modelling of volume and area 
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Journal of Physics A: Mathematical and General (1982) 
 
Title: Connectivity of fracture systems – a percolation theory approach 
Authors: P.C. Robinson 
 
Contribution: This work using previously known methods and make some comparisons between 
different angles of intersections of fractures. 
Objective of the paper: Finding the critical density and critical intersection number for a number of 
angle probability density functions and line length distribution functions. 
Methodology used: Percolation theory 
Conclusion reached: It is shown that the critical density can be estimated from the known lattice results 
and that the behaviour for various probability distribution functions for angle and length can readily be 
predicted. 
Comments: Same methodology is assumed to be applicable for three dimensions. It can be investigated 
in more details for 3-D as a project.  
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Mathematical geology (1995) 
 
Title: Analysis of fracture network connectivity using percolation theory 
Authors: Brian Berkowitz 
 
Contribution: Establishing the relevancy of percolation theory results to widely used aspects of fracture 
network connectivity. 
Objective of the paper: Establishing the relationships are determined that characterize the density of 
fractures and average number of intersections per fracture necessary to ensure network connectivity, the 
likelihood if a fractured formation being hydraulically connected, and the probability that any specific 
fracture is connected to the conducting portion of the network. 
Methodology used: Percolation theory, Monte Carlo experiments.  
Conclusion reached: The percolation theory correctly predicts connectivity and power law relationships 
between numbers of individual fractures and interconnected groups of fractures in two-dimensional 
systems.  
Comments: The power-law relationships is expected to be applicable for three-dimensional fracture 
network, more research on three-dimensional fracture systems can prove it.  
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Kluwer, London (1999) 
 
Title: Fracture and Fracture Networks 
Authors: P.M. Adler, J.F. Thovert 
Contribution: Advanced-level research monograph on the fundamental issues involved in the 
development of models for the flow and transport properties of fractured rocks. 
Objective of the book: An up-to-date guide in fractured rock hydrology, particularly to the subjects at 
the most importance of researches in fractured rock connectivity.  
Methodology used: N/A 
Conclusion reached: N/A 
Comments: This book starts from the fundamentals of the fractures and expand the discussion to very 
detailed and specific topics in fracture rocks. 
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Physical Review B (1983) 
 
Title: Computer study of the percolation threshold in a two dimensional anisotropic system of conducting 
sticks 
Authors: I. Balberg, N. Binenbaum 
 
Contribution: First paper which used randomly-oriented-sticks system.  
Objective of the paper: Study of the percolation threshold in two-dimensional systems of conducting 
sticks. 
Methodology used: Monte Carlo, Percolation theory 
Conclusion reached: The dependence of the percolation threshold on the anisotropy of a two-
dimensional random system is found and a quantitative relation has been derived for this dependence. In 
the infinite ensemble the percolation threshold is isotropic. The broader the stick-length distribution, the 
lower the mean of the distribution needed for the onset of percolation.  
Comments: This paper is recommended for those who are interested to know more about the 
mathematical detail of percolation theory and its relationship to the sticks (fractures). 
 
 
 
 
 
 
 
 
 
 
 
 
32                                                                                                                                                  Processed Based Model of Fracture Networks                                                                                                                                                                                                                                                                                                      
 
 
SPE 20981 (1990) 
 
Title: Scaling Relationships in Natural Fractures: Data Theory and Application  
Authors: K.J. Heffer, T.G. Bevan 
Contribution: First paper to show scaling relationships in faults and fractures properties.  
Objective of the paper: Studying naturally fractured reservoirs and finding their relationships to power-
law distribution.  
Methodology used: power-law distribution 
Conclusion reached: The frequency distributions of fracture length traces on a two-dimensional surface 
are inferred to generally follow a power-law with an exponent close to -3. This distribution is distorted 
over any range in scales due to imperfect resolution of the viewing technique. The observability of a 
fracture at any scale of viewing has criteria of both minimum displacement and trace length. This implies 
that each fracture has an unobservable periphery which forms a greater proportion of the area of the 
fractures as fracture radius decreases.  
Comments: A good study over changes in reservoir properties due to scaling is done. This paper is very 
useful to understand the concept of scaling in the reservoir engineering.  
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Water Resources Research (1999) 
 
Title: Connectivity of joint networks with power law length distribution  
Authors: Carl E. Renshaw 
Contribution: This work repeats some old methods and discusses some new results of them. 
Objective of the paper: Finding an appropriate numerical relationship between connectivity and density 
of fractures. 
Methodology used: power-law distribution and percolation theory. 
Conclusion reached: At the lower fracture densities more commonly observed in fractured rock, the 
connectivity of the network depends not only on the fracture density but also on the form of the fracture 
length distribution. The application of existing effective permeability models to fractured rock is 
problematic and highlights the importance of combining theoretical investigations on the flow properties 
of fracture networks with field observations of the statistical properties of fractures in rock.   
Comments: A very detailed study over power law distribution and effective medium theories.  
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Review of Geophysics (2001) 
 
Title: Scaling of fracture systems in geological media 
Authors: Bonnet et al.   
Contribution: This study suggests guidelines for the accurate and objective estimation of exponents and 
fractal dimensions. 
 
Objective of the paper: Investigating the effects of upper and lower bounds all power law and 
Fractal characteristics in fracture systems 
 
Methodology used: Log-Normal distribution, Exponential law, Gamma law, Power law,  
Conclusion reached: The scaling properties of fracture populations can in principle be determined 
quantitatively by methods developed in other disciplines to describe the geometrical properties of 
nonlinear systems. In particular, much use has been made of fractal scaling, but this hypothesis is seldom 
put at risk a priori before drawing important conclusions of the implications for applications to fracture 
growth mechanics or contaminant dispersion. It is concluded that as a matter of routine, other physically 
valid distributions that may describe the data are eliminated before a fractal distribution is preferred. 
 
Comments: a complete study over statistical description in fracture characterization and determination of 
power law exponents and fractal dimensions for fracture systems. The need of an improved geological 
and geophysical technique is clear to improve on the quality and relevance of the data available in 3 
dimensions.  
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Taylor and Francis, London (1994) 
 
Title: Application of Percolation Theory 
Authors: Sahimi   
Contribution: First to find in some natural fracture networks only a small percentage of fractures 
distributed to the permeability of the system 
 
Objective of the book: General study over Percolation Theory in fracture networks  
 
Methodology used: N/A 
Conclusion reached: N/A 
 
Comments: Very useful text book of Percolation Theory applications in fractured networks.  
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Appendix B: C++ Software  
 
 
Find Attached CD 
 
 
 
Manual: The software is very easy to use, it first asks for the length and width of the system then it asks for the fracture length 
for the first and second systems, while second fracture size makes changes to the system. The software produces two files 
called “fracture-pattern.xls” and “heath.xls”. 
Heath.xls shows the changes in cooling parameter in simulated annealing while fracture-pattern.xls can produce different 
values depending on the user. 
User can make slight changes to the code (just activate some lines and deactivate some other) in order to get different outputs 
in the fracture-pattern.xls, it can shows distances between fractures, the energy between fractures, the difference between 
energies after changes in the location of fractures including negative and positive changes and simulated annealing effect on 
the energy difference which is the main output. 
The software is preset to shows the energy state after simulated annealing is applied.   
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Appendix C: Simulations 
 
The results of changing the size of fractures: 
 
System size = 50 x 70 
First fracture length = 4 
Second fracture length = 6 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
System size = 50 x 70 
First fracture length = 12 
Second fracture length = 15 
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Different length for fractures  
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One example of energy changes 
 
 
